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Abstract. In this paper, we introduce a generalization of G-opers for
arbitrary parabolic subgroups P < G of a complex semisimple Lie group.
For parabolic subgroups associated to “even nilpotents”, we parameter-
ize (G,P)-opers by an object generalizing the base of the Hitchin fi-
bration. In particular, we describe and parameterize families of opers
associated to higher Teichmu¨ller spaces.
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2 B. COLLIER AND A. SANDERS
1. Introduction
Given a second order holomorphic ordinary differential equation on the
upper half plane H ⊂ C, if there exists a basis of holomorphic solutions
{u1, u2} which never simultaneously vanish, they define a holomorphic map
D : H → CP1 by the formula D = u1/u2. Imposing certain invariance and
non-degeneracy conditions on the ODE under the action of a co-compact
Fuchsian group Γ < Aut(H) leads to a representation ρ : pi1(H/Γ)→ PGL2C
for which the map D is an equivariant holomorphic immersion.
Pairs (D, ρ) arising in this way are called complex projective structures
on the Riemann surface X = H/Γ (see [23]). Treating the ODE itself as
fundamental leads to a differential geometric description of such structures
as particular rank-2 holomorphic flat vector bundles on X. Extensions of
complex projective structures to higher order equations have been under
development since (at least) the 1960’s [24, 39], with the relevant objects
now being certain rank-n holomorphic flat vector bundles on X.
Generalizing the case of PGLnC, Drinfeld-Sokolov [14] developed a local
theory of ordinary holomorphic differential equations which takes as input
an arbitrary complex reductive Lie group G. In their work on the geometric
Langlands conjecture, Beilinson-Drinfeld [2] globalized this theory to the no-
tion of a G-oper on a Riemann surface X. According to Beilinson-Drinfeld,
a G-oper on X is a triple (EG, EB, ω), where EG is a holomorphic principal
G-bundle on X, EB is a holomorphic reduction to a Borel subgroup B < G,
and ω is a holomorphic connection on EG which satisfies certain transver-
sality and nowhere vanishing properties with respect to the reduction EB.
Around the same time, Hitchin [26] discovered a remarkable component
of the space of conjugacy classes of homomorphisms pi1(X) → GR, where
GR < G is a split real form of a complex simple Lie group (e.g. PSLnR is
the split real form of PSLnC) and X is a compact Riemann surface of genus
g ≥ 2. This component is now called the Hitchin component. When G =
PSL2C, the Hitchin component is the Fuchsian space of conjugacy classes
of holonomy representations ρ : pi1(X) → PSL2R of hyperbolic structures
on the underlying oriented topological surface Σ and, via the uniformization
theorem, is identified with the Teichmu¨ller space of Σ.
In [32], Labourie proved that the representations in Hitchin components
generalize many geometric features of Fuchsian space: in particular, they
are discrete and faithful quasi-isometric embeddings. This was achieved
by showing that Hitchin representations satisfy a very strong dynamical
property, called the Anosov property. Since Labourie’s work, there has been
intense activity aimed at organizing and classifying Anosov representations.
Although Hitchin representations and G-opers are very different geomet-
rically, the resulting moduli spaces share many common features. Most
notably, both moduli spaces are parameterized by a vector space of holomor-
phic differentials on X called the base of the Hitchin fibration [2,26]. More
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recently, in [15], the authors showed that an operation called the conformal
limit identifies these parameterizations, proving a conjecture of Gaiotto [17].
In the theories of G-opers and Hitchin representations, a primary role
is played by a Borel subgroup. In general, Anosov representations are de-
fined relative to a parabolic subgroup. Over the last fifteen years, other
components of surface group representations into real Lie groups have been
discovered, which in many ways are analogues of Hitchin components, but
with a larger parabolic subgroup replacing the role of the Borel subgroup.
Such components are now referred to as higher Teichmu¨ller components.
With these motivations, in this paper we introduce the notion of a (G,P)-
oper for P < G an arbitrary parabolic subgroup. Our main results generalize
the parameterization of Hitchin components and G-opers by the Hitchin
base. While we cast the general theory in Lie theoretic terms, in most cases
the objects can be made relatively explicit with matrices and vector bundles.
A significant part of the paper is dedicated to explicating this aspect.
(G,P)-opers. Let X be a compact Riemann surface of genus g ≥ 2 and
let P < G be a parabolic subgroup of a connected complex semisimple Lie
group G. Roughly, a (G,P)-oper on X is a triple (EG, EP, ω), where EG is a
holomorphic principal G-bundle on X, EP is a holomorphic reduction to the
parabolic P < G, and ω is a holomorphic connection on EG which satisfies
certain transversality and nowhere vanishing properties with respect to the
reduction EP. The subtle point is defining the correct notion of nowhere
vanishing (see Definition 4.1).
A simple example is given by G = SL2nC and P is the stabilizer of a
subspace Cn ⊂ C2n. In this case, a (G,P)-oper is equivalently defined as a
4-tuple (V2n,Vn,∇,Ω), where V2n is a rank 2n holomorphic vector bundle
with a holomorphic volume form Ω, Vn ⊂ V2n is a rank n holomorphic sub-
bundle, and ∇ is a holomorphic connection on V2n for which Ω is parallel
and such that the induced OX -linear map ∇ : Vn → K ⊗ V2n/Vn is an
isomorphism. Here, K is the holomorphic cotangent bundle of X.
We briefly describe the picture we wish to generalize. In [25], Hitchin
introduced the (coarse) moduli spaceM0X(G) of poly-stable G-Higgs bundles
on X. Some relevant aspects of the theory of Higgs bundles and opers are:
(1) There is a homeomorphism T :M0X(G)→M1X(G) from the moduli
space of poly-stable Higgs bundles to the moduli space M1X(G) of
reductive holomorphic flat G-bundles on X [12, 13, 25, 36]. This is
known as the non-abelian Hodge correspondence.
(2) There is a holomorphic map M0X(G) →
⊕rkG
j=1 H
0(X,Kmj+1) called
the Hitchin fibration [27]. Here {mj} are the exponents of g.
(3) The Hitchin fibration has a section sh and the Hitchin components
are the holonomy representations of T ◦ sh [26].
(4) Each connected component of isomorphism classes of G-opers is pa-
rameterized by
⊕rkG
j=1 H
0(X,Kmj+1) [2].
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We summarize this in the following diagram:
M0X(G)
T //

M1X(G)
⊕rkG
j=1 H
0(X,Kmj+1)
sh
GG
op
55
.
In fact, for λ ∈ C, the above moduli spaces fit into a family of moduli
spaces MλX(G) of holomorphic λ-connections. Moreover, there is a family
of maps opλ :
⊕rkG
j=1 H
0(X,Kmj+1)→MλX(G) with op0 = sH and op1 = op.
Roughly, the maps opλ are defined by choosing a base point PSL2C-oper and
adding holomorphic differentials to the connection as coefficients in certain
highest weight spaces of sl2C-representations. The main goal of this paper
is to extend this story to the setting of (G,P)-opers, with the fundamental
new idea being the identification of the analogue of the Hitchin base.
Our main theorems parameterizing (G,P)-opers apply to a class of parabol-
ics called even Jacobson-Morozov parabolics (see Definition 2.8). Such parabol-
ics are associated to embeddings of PSL2C in the adjoint Lie group, or
equivalently, even sl2C-subalgebras of the Lie algebra g. There are many
examples, for instance, the Borel subgroup B < G and the stabilizer of a
linear subspace Cn ⊂ C2n. The object which parameterizes such (G,P)-
opers (i.e., the generalization of the Hitchin base) is a groupoid which we
call the Slodowy category. A key player in the definition of the Slodowy
category is the centralizer of the associated sl2C-subalgebra.
Given an even sl2C-subalgebra s ⊂ g, let S < G be the connected Lie
group with Lie algebra s and C < G be the centralizer of S. The s-Slodowy
category Bs,X(G) has objects (EC, ψ0, ψm1 , · · · , ψmN ), where EC is a holo-
morphic C-bundle with holomorphic connection ψ0 and, for 1 ≤ j ≤ N, ψmj
is a holomorphic section of an associated vector bundle EC[V2mj ]⊗Kmj+1.
Here the vector spaces V2mj are highest weight spaces of certain sl2C rep-
resentations (see Definition 5.1). When B < G is the Borel subgroup, C
is the center of G and Bs,X(G) is the product of the Hitchin base with the
finite set of C-bundles on X. When P < SL2nC is the stabilizer of a subspace
Cn ⊂ C2n, objects of the Slodowy category correspond to triples (W, ψ0, ψ1),
whereW is a rank n holomorphic vector bundle on X with det(W)⊗2 trivial,
ψ0 is a holomorphic connection on W compatible with the trivialization of
det(W)⊗2, and ψ1 ∈ H0(X,K2 ⊗ End(W)).
Remark 1.1. In the case of the Borel subgroup B < G, the work of Hitchin
and Beilinson-Drinfeld yield holomorphic parameterizations of the moduli
spaces of Hitchin representations and (G,B)-opers, respectively. The exis-
tence of these moduli spaces is simplified by the subgroup C in the previous
paragraph being discrete. In general, the construction of relevant moduli
spaces will depend on natural stability conditions. To avoid complications
with stability conditions, we work entirely with groupoids/categories and
leave the topic of constructing moduli spaces/stacks for another time.
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Main results. Denote the category of (G,P)-opers on X by OpX(G,P).
For an even sl2C subalgebra s ⊂ g, let S < G be the associated connected
Lie group and P < G be the associated even Jacobson-Morozov parabolic.
In Theorem 5.6 we establish the following: For each S-oper Θ on X, there
is a functor
FΘ : Bs,X(G)→ OpX(G,P),
which is an equivalence of categories (see also Theorem 5.14). In particu-
lar, the functor FΘ induces a bijection at the level of isomorphism classes.
The functor FΘ is defined in Definition 5.4. Roughly, the sections ψmj are
coefficients in certain highest weight spaces of g as an sl2C-module, and are
used to affinely deform the fixed S-oper as a (G,P)-oper. This is analogous
to the Hitchin section when P is a Borel subgroup B < G.
To remove the choice of S-oper, we define a full subcategory B̂s,X(G)
of Bs,X(G) which is analogous to setting the quadratic differential in the
Hitchin base to be zero. This yields a functor F : OpX(S,BS)× B̂s,X(G)→
OpX(G,P) given by F (Θ,Ξ) = FΘ(Ξ), which we call the s-Slodowy functor.
Theorem 1.2. (Theorem 5.9) Let X be a compact Riemann surface of
genus g ≥ 2 and G be a connected complex semisimple Lie group. Let s ⊂ g
be an even sl2C-subalgebra, S < G be the associated connected subgroup
and P < G be the associated even Jacobson-Morozov parabolic. Then the
s-Slodowy functor
F : OpX(S,BS)× B̂s,X(G)→ OpX(G,P)
(Θ,Ξ) 7→ FΘ(Ξ)
is an equivalence of categories when S ∼= PSL2C and essentially surjective
and full when S ∼= SL2C. In particular, the Slodowy functor induces a bijec-
tion on isomorphism classes.
Remark 1.3. For G = SLkrC and the parabolic P stabilizing a partial flag
Cr ⊂ C2r ⊂ · · · ⊂ Ckr, the above theorem recovers results of Biswas
in [4]. Partially motivated by the work presented in the current article,
Biswas-Schaposnik-Wang recently considered certain symplectic and orthog-
onal analogues of such partial flags, see [5].
The category of (G,P)-opers and the Slodowy category have natural λ-
connection generalizations, denoted respectively by OpλX(G,P) and B
λ
s,X(G).
The Slodowy functor also generalizes to this context, and in Theorem 5.16
we establish the analogue of the above theorem in this setting. When λ = 0,
a (λ,G,P)-oper is a special type of Higgs bundle.
For G = SL2nC and P the stabilizer of a linear subspace Cn ⊂ C2n,
the objects of the Slodowy category B0s,X(G) consist of triples (W, ψ0, ψ1),
where W is a holomorphic vector bundle of rank n such that det(W)⊗2 is
trivial, ψ0 ∈ H0(X,K ⊗ End(W)) is a K-twisted traceless endomorphism,
and ψ1 ∈ H0(X,K2 ⊗ End(W)) is a K2-twisted endomorphism.
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For the (0, SL2C,B)-oper Θ = (K 12 ⊕ K− 12 ,
(
0 q2
1 0
)
), the functor FΘ is
defined by
FΘ(W, ψ0, ψ1) =
(
(W ⊗K 12 )⊕ (W ⊗K− 12 ),
(
ψ0 q2 ⊗ IdW + ψ1
IdW ψ0
))
.
When ψ0 = 0 and q2 = 0, this is an SUn,n-Higgs bundle, and the above
description recovers the so called Cayley correspondence for maximal SUn,n-
Higgs bundles of [7]. Moreover, when the associated Higgs bundles are poly-
stable, the nonabelian Hodge correspondence identifies them with the higher
Teichmu¨ller spaces known as maximal SUn,n-representations.
Due to the work of Guichard-Wienhard [22] on Θ-positive structures, it is
reasonable to define a higher Teichmu¨ller space as a connected component
of the space of conjugacy classes of representations pi1X → GR consisting
entirely of Θ-positive Anosov representations. Here GR is a real form of a
complex simple Lie group which admits a so called Θ-positive structure, see
[22]. In §6 we describe how, ignoring stability conditions, our construction
recovers all known Higgs bundle parameterizations of higher Teichmu¨ller
spaces. In particular, we recover the Hitchin component of [26] when GR is a
split real Lie group, the Cayley correspondence for maximal representations
of [3] when GR is a Hermitian Lie group of tube type, and the generalized
Cayley correspondence of [1] when GR ∼= SOp,q. There is exactly one more
expected family of higher Teichmu¨ller spaces which are associated to certain
real forms of the exceptional Lie groups F4, E6, E7 and E8. For all expected
higher Teichmu¨ller spaces, the parameterization of the associated moduli
spaces of Higgs bundles by the Slodowy functor will be described in [6].
Remark 1.4. Higher Teichmu¨ller spaces only arise for very special even JM-
parabolics. It would be interesting to understand the geometric properties
of representations associated to applying nonabelian Hodge to the set of
poly-stable (0,G,P)-opers for arbitrary even JM-parabolic.
Finally, we discuss the relationship between (G,P)-opers, Simpson’s par-
tial oper stratification and the conformal limit. In [15], the authors showed
that the space of (G,B)-opers are identified with the Hitchin section by an
operation called the conformal limit, proving a conjecture of Gaiotto [17].
For G = SLnC, the space of B-opers and the Hitchin section are each a
closed stratum of natural stratifications introduced by Simpson [35]. More-
over, under a smoothness assumption, the conformal limit correspondence
for arbitrary strata was established in [10]. In the generality of this paper,
it is natural to expect that the conformal limit also identifies (0,G,P)-opers
with (1,G,P)-opers. Indeed, for the case G = SL2nC and P the stabilizer
of a subspace Cn ⊂ C2n, when the bundle W in the Slodowy category is a
stable bundle, this follows from the work in [10].
Acknowledgments: We would like to thank Anna Wienhard for encour-
aging us to investigate a generalization of opers, and Jeff Adams, Franc¸ois
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Labourie and Richard Wentworth for many useful conversations and sugges-
tions. We also express our appreciation for the hospitality of the University
of Heidelberg and the Simons Center program Geometry and Physics of
Hitchin Systems, where much of this work was carried out.
2. Lie theory preliminaries
In this section, we recall most of the Lie theory which will be used through-
out the paper. For this section, G will be a connected complex semi-simple
Lie group with Lie algebra g and Killing form Bg.
2.1. Parabolics. A Borel subgroup B < G is a maximal connected solvable
subgroup. There is a unique Borel subgroup up to conjugation. A subgroup
P < G is called a parabolic subgroup if it contains a Borel subgroup.
For a parabolic P < G, let U < P be the unipotent radical. There is a
canonical filtration of U = U1,
Um < · · · < U2 < U1 < P.
The quotient L = P/U is a reductive group called the Levi factor of P. The
exact sequence 1 → U → P → L → 1 is split, and a choice of splitting
defines a Levi subgroup of L < P.
Let u ⊂ p be the Lie subalgebra of the unipotent radical U < P. There is
a canonical P-invariant Lie algebra filtration of g defined by
(2.1) 0 ⊂ gm ⊂ · · · ⊂ g1 ⊂ g0 ⊂ g−1 ⊂ · · · ⊂ g−m = g,
where gj = {x ∈ g | adx(u) ⊂ gj+1}. In particular, g1 = u and g0 = p.
A choice of a Levi subgroup L < P induces an L-invariant splitting p =
l ⊕ u, where l is the Lie algebra of L. Moreover, g acquires an L-invariant
grading
(2.2) g =
⊕
j∈Z
gj ,
which is L-equivariantly isomorphic to the associated graded of the canonical
filtration (2.1). Thus, gj ∼= gj/gj+1 as L-modules, and gk ∼=
⊕
j≥k gj as P-
modules. In particular,
p ∼= ⊕
j≥0
gj , l ∼= g0 and u ∼=
⊕
j>0
gj .
By a theorem of Vinberg (see [29, Theorem 10.19]), each graded piece gj
has a unique dense open L-orbit Oj ⊂ gj . Since the action of P and L on
gj/gj+1 are the same, there is a unique open dense P-orbit in gj/gj+1.
Example 2.1. For the group G = SL4(C), the group of unit determinant up-
per triangular matrices defines a Borel subgroup. The parabolic subgroups
which contain this choice of B consist of block upper triangular matrices.
Geometrically, B is the stabilizer of a complete flag in C4 and other parabol-
ics are stabilizers of partial flags in C4. Here are some explicit examples:
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(1) The Borel subgroup P = B which stabilizes a complete flag C ⊂ C2 ⊂
C3 ⊂ C4 consists of unit determinant upper triangular matrices. The
unipotent radical U < B consists upper triangular matrices with
1’s on the diagonal. The diagonal matrices define a Levi subgroup
L < B, and, with this choice, the graded pieces gj are given by the
jth-super diagonal. In particular, g−1 is given by matrices of the
form ( 0
x1 0
x2 0
x3 0
)
,
The unique open L-orbit O−1 ⊂ g−1 is defined by xj 6= 0 for all j.
(2) The group P < SL4(C) which stabilizes a partial flag C2 ⊂ C4
consists of unit determinant (2× 2)-block matrices of the form(
A B
0 D
)
.
The unipotent radical U < P is the subgroup where A = Id = D,
and the subgroup where B = 0 defines a Levi subgroup. This choice
of Levi subgroup determines the grading
g = g−1 ⊕ g0 ⊕ g1 =
(
0 0
C 0
)
⊕
(
A 0
0 D
)
⊕
(
0 B
0 0
)
.
The unique open L-orbit O−1 ⊂ g−1 is defined by det(C) 6= 0.
(3) The group P < SL4(C) which stabilizes a partial flag C1 ⊂ C3 ⊂ C4
is given by unit determinant matrices of the form( ∗ ∗ ∗ ∗∗ ∗ ∗∗ ∗ ∗∗
)
.
Block diagonal matrices define a Levi subgroup, and with this choice,
p = g0 ⊕ g1 ⊕ g2 =
( ∗ 0 0 0∗ ∗ 0∗ ∗ 0∗
)
⊕
(
0 ∗ ∗ 0
0 0 ∗
0 0 ∗
0
)
⊕
(
0 0 0 ∗
0 0 0
0 0 0
0
)
.
The unique open L-orbit O−1 ⊂ g−1 is given by
O−1 =
{(
0
a 0 0
b 0 0
0 c d 0
)
| ( c d ) ( ab ) 6= 0
}
.
(4) For the parabolic subgroup P < SL4(C) which stabilizes a line C ⊂
C4, block diagonal matrices define a Levi subgroup. With this choice,
the associated grading is
g = g−1 ⊕ g0 ⊕ g1 =
(
0∗ 0 0 0∗ 0 0 0∗ 0 0 0
)
⊕
( ∗ ∗ ∗ ∗∗ ∗ ∗∗ ∗ ∗
)
⊕
(
0 ∗ ∗ ∗
0 0 0
0 0 0
0 0 0
)
.
The unique open L-orbit O−1 ⊂ g−1 consists of nonzero vectors.
The next example involves some basic root theory.
Example 2.2. For P = B < G the Borel subgroup, a Levi subgroup L < B
is a Cartan subgroup. The data (L,B) determines a set of positive simple
roots {α1, · · · , αrk(g)}. The spaces gj consist of direct sums of root spaces
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gα associated to roots α =
∑rk(g)
i=1 niαi with length
∑
ni = j. In particular,
the g−1 space consists of the direct sum of negative simple root spaces. In
this case, an element
x = (x1, · · · , xrk(g)) ∈ g−α1 ⊕ · · · ⊕ g−αrk(g)
is in the open dense L-orbit O−1 ⊂ g−1 if and only if xj 6= 0 for all j.
2.2. Nilpotents and the Jacobson-Morozov Theorem. An element
e ∈ g is nilpotent if the linear map ade : g → g is a nilpotent endomor-
phism of g. Denote the centralizer of a nilpotent e ∈ g by V (e) := V ,
V = ker(ade : g→ g) .
The Jacobson-Morozov theorem defines a bijective correspondence be-
tween conjugacy classes of sl2C-subalgebras of g and conjugacy classes of
nonzero nilpotents in g (see for example [11, §3]). Namely, every non-zero
nilpotent e ∈ g can be completed to an sl2-triple 〈f, h, e〉 ⊂ g, where
[h, e] = 2e, [h, f ] = −2f and [e, f ] = h,
and if 〈f, h, e〉, 〈f ′, h, e〉 are two such sl2-triples then f = f ′. Throughout
the paper, we will use the letter s to denote an sl2-subalgebra.
Fix an sl2-triple 〈f, h, e〉 = s ⊂ g. This data decomposes g into sl2C-
modules and adh-weight spaces. Namely, as an sl2C-module,
(2.3) g =
⊕
j≥0
Wj ,
where Wj is isomorphic to a direct sum of nj-copies (with nj ≥ 0) of the
unique (j + 1)-dimensional sl2C representation, and, as adh-weight spaces,
(2.4) g =
⊕
j∈Z
gj ,
where gj := {x ∈ g | adh(x) = jx}. By definition, e ∈ g2 and f ∈ g−2. Note
also that the trivial representation W0 is a reductive subalgebra since it is
the centralizer of s. We will denote this subalgebra by W0 := c(s) := c.
The subalgebra bs = 〈h, e〉 ⊂ g is a Borel subalgebra of s. The centralizer
V of e decomposes (c⊕ bs)-invariantly as
(2.5) V =
⊕
j≥0
Vj ,
where Vj = gj ∩Wj is the highest weight space of Wj . The affine subspace
f + V ⊂ g
is called the Slodowy slice through f. It is transverse to the G-orbit of f .
Definition 2.3. Fix an sl2-triple 〈f, h, e〉. We call the (bs ⊕ c)-invariant
decomposition (2.5) of the centralizer V of e the Slodowy data of 〈f, h, e〉.
The following proposition is immediate and will be useful later.
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Proposition 2.4. Let
⊕
j Vj be the Slodowy data of an sl2-triple 〈f, h, e〉.
Then the subspace V2 has an c⊕ bs-invariant decomposition
(2.6) V2 = 〈e〉 ⊕ Vˆ2,
where Vˆ2 is the kernel of the linear functional Bg(f,−)
∣∣
V2
.
The decomposition (2.4) associates a parabolic subalgebra p to an sl2-
triple 〈f, h, e〉:
p =
⊕
j≥0
gj .
Moreover, this parabolic comes with a choice of Levi subalgebra l = g0 ⊂ p.
Note that p also decomposes as
p = V ⊕ adf (u).
For grading (2.4), the following theorem relates the open dense L-orbit
O−2 ⊂ g−2 with the sl2-triple. It is a combination of results of Kostant and
Malcev, see [29, §10] or [11, §3.4] for details.
Theorem 2.5. Let 〈f, h, e〉 ⊂ g be an sl2-triple, and consider the Z-grading
g =
⊕
j∈Z gj from (2.4). Let p and l be the associated parabolic and Levi
subalgebras with associated Lie subgroups L < P < G. Then the nilpotent
elements e and f are contained in the unique open dense L-orbits O2 ⊂ g2
and O−2 ⊂ g−2, respectively. Moreover, the L-stabilizer of e is the Lie group
C < G which centralizes the sl2-subalgebra.
2.3. Even Jacobson-Morozov parabolics. A parabolic subalgebra which
arises from an sl2-subalgebra is called a Jacobson-Morozov parabolic (abbre-
viated JM-parabolic). Not all parabolic subalgebras are JM-parabolics. For
example, the stabilizer of a line in Cn is not a JM-parabolic when n > 2.
Moreover, different conjugacy classes of sl2-triples can define the same JM-
parabolic. In this paper, the following notion of an even sl2-triple is essential.
Definition 2.6. An sl2-triple 〈f, h, e〉 ⊂ g is called even if g1 = 0 in the
decomposition (2.4).
Remark 2.7. An sl2-triple 〈f, h, e〉 ⊂ g is even if and only if g2j+1 = 0 for
all j in decomposition (2.4). Equivalently, the sl2C-module decomposition
from (2.3) consists only of odd dimensional irreducible sl2-representations.
Another equivalent definition of s = 〈f, h, e〉 being even is that the associated
subgroup S < GAd of the adjoint group is isomorphic to PSL2C.
Definition 2.8. A parabolic subgroup P < G will be called an even JM-
parabolic if it arises from an even sl2-triple.
Remark 2.9. Since the JM-parabolic p associated to an sl2-triple 〈f, h, e〉
comes with a choice of Levi subalgebra, we have two Z-gradings. Namely,
the adh-weight space decomposition (2.4) and the associated graded of the
canonical filtration (2.2). For even JM-parabolics, the jth-graded piece of
(2.2) is the 2jth-graded piece of (2.4).
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The following proposition is an easy consequence of [11, §3.8].
Proposition 2.10. There is a one-to-one correspondence between conjugacy
classes of even sl2-triples and conjugacy classes of even JM-parabolics.
Fix an even sl2-triple 〈f, h, e〉 ⊂ g. Let 1 = m1 < m2 < · · · < mN be such
that the sl2-representations W2mj from (2.3) are nonzero. We have
(2.7) g = c⊕
N⊕
j=1
W2mj .
The Slodowy data from (2.5) is
(2.8) V = c⊕
N⊕
j=1
V2mj .
Example 2.11. The first three parabolic subgroups of SL4C described in
Example 2.1 are even JM-parabolics. In fact, up to conjugacy these are
the only even JM-parabolic subgroups of SL4C. Below, we use the same
numbering as the items in Example 2.1.
(1) An associated sl2-triple is
s = 〈f, h, e〉 =
〈(
0 0
1 0 0
1 0 0
1 0
)
,
(
3 0
0 1 0
0 −1 0
0 −3
)
,
(
0 3
0 0 4
0 0 3
0 0
)〉
.
The centralizer of s is the center, C = 〈√−1Id〉. The associated
s-module decomposition (2.3) is
sl4C = W2 ⊕W4 ⊕W6,
with multiplicities (n2, n4, n6) = (1, 1, 1). The Slodowy data is
V2 ⊕ V4 ⊕ V6 =
〈(
0 3 0 0
0 0 4 0
0 0 0 3
0 0 0 0
)〉
⊕
〈(
0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0
)〉
⊕
〈(
0 0 0 1
0 0 0 0
0 0 0 0
0 0 0 0
)〉
,
and Vˆ2 = 0.
(2) An associated sl2-triple is given by 2× 2-block matrices
s = 〈f, h, e〉 = 〈( 0 0Id 0 ) , ( Id 00 −Id ) , ( 0 Id0 0 )〉 ,
The centralizer of s is given by
C =
{(
A 0
0 A
) | det(A)2 = 1} ∼= SL±2 C.
The associated s-module decomposition (2.3) is
sl4C = W0 ⊕W2,
with multiplicities (n0, n2) = (3, 4). The Slodowy data is
V0 ⊕ V2 =
(
X 0
0 X
)⊕ ( 0 Y0 0 ) ,
where Tr(X) = 0, and the subspace Vˆ2 is given by Tr(Y ) = 0.
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(3) An associated sl2-triple is given by
s = 〈f, h, e〉 =
〈(
0 0 0 0
1 0 0 0
0 0 0 0
0 1 0 0
)
,
(
2 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −2
)
,
(
0 2 0 0
0 0 0 2
0 0 0 0
0 0 0 0
)〉
.
The centralizer of s is
C =
{( α
α
α−3
α
)
| α ∈ C∗
}
∼= GL1C.
The associated s-module decomposition (2.3) is
sl4C = W0 ⊕W2 ⊕W4,
with multiplicities (n0, n2, n4) = (1, 3, 1). The Slodowy data is
V0 ⊕ V2 ⊕ V4 =
(
a
a −3a
a
)
⊕
(
0 x y 0
x
z
0
)
⊕
(
0 0 0 w
0
0
0
)
,
and the subspace Vˆ2 is defined by setting x = 0.
The next example sketches the construction and states some properties
of principal sl2-triples, for more information see [30] or [11, §4].
Example 2.12. The Borel subgroup B < G is an even JM-parabolic. An
associated even sl2-triple is called a principal sl2-subalgebra. Fix a Cartan
subalgebra g0 ⊂ g and a set of simple roots {α1, · · · , αrk(g)}. For each αj ,
choose ej ∈ gαj and fj ∈ g−αj so that 〈fj , [ej , fj ], ej〉 is an sl2-triple. Choose
h ∈ g0 so that αj(h) = 2 for each j and write h =
∑
j aj [ej , fj ]. Then
s = 〈f, h, e〉 =
〈∑
j
fj , h ,
∑
j
ajej
〉
is a principal sl2-triple. In particular, note that the projection of f onto
each g−αj is nonzero, so f ∈ O−1 ⊂ g−1.
In this case, the centralizer C < G of s is the center of the group G, thus
c = W0 = {0}. The associated s-module decomposition is g =
⊕
jW2mj
where {mj} are the exponents of g. The multiplicities satisfy nmj = 1 for
all j, with the exception that n4n−2 = 2 for g = so2n(C).
Finally, we recall a generalization of a theorem of Kostant proven by
Lynch in [33, Theorem 1.2]. This theorem is the fundamental Lie theoretic
ingredient which will allow us to understand (G,P)-opers for P < G an even
JM-parabolic in terms of simpler data, namely the Slodowy category.
Theorem 2.13. Let P < G be an even JM-parabolic subgroup determined
by an sl2-triple 〈f, h, e〉. Let Um < Um−1 < · · · < U1 < P be the filtration
of P by unipotent subgroups and gm ⊂ · · · ⊂ g0 = p be the corresponding
canonical filtration of p. Then, for V = ker(ade : g→ g), the map
Ui × {f + V } // f + V + gi−1
(u, f + v)  // Ad(u)(f + v)
is an isomorphism of affine algebraic varieties for every 1 ≤ i ≤ m.
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Remark 2.14. In [18, Lemma 2.1], a more general version of Theorem 2.13
is proven for any (not necessarily even) sl2-triple together with a choice of
isotropic subspace of g1 from (2.4). It would be interesting to consider how
such data could be used to generalize our results to arbitrary parabolics.
3. Geometric preliminaries
In this section, we rapidly review the theory of connections on principal
bundles, and fix some notation which we shall use throughout the paper.
3.1. Bundles and connections. Throughout this paper, all principal bun-
dles are taken to be right principal bundles. If G is a Lie group and EG is a
principal G-bundle, then we denote the G-invariant vertical vector field on
EG induced by Y ∈ g by Y ].
If V is a complex manifold equipped with a left holomorphic G-action,
we will suppress the action and denote the associated holomorphic fiber
bundle by EG[V ], remembering that the structure group of this bundle is
G. The usual example arises from a Lie group acting on some vector sub-
space/quotient of a Lie algebra: for example, EG[g] is the holomorphic vector
bundle determined by the adjoint action of G on g.
For the rest of this section, EG will be a holomorphic principal G-bundle
over a Riemann surface X and K will denote the holomorphic cotangent
bundle of X.
Definition 3.1. A holomorphic connection ω on EG is a g-valued holomor-
phic 1-form ω : TEG → g such that
(1) R∗gω = Ad(g−1) ◦ ω for all g ∈ G.
(2) ω(Y ]) = Y for all Y ∈ g.
The curvature F (ω) = dω + 12 [ω, ω] of a holomorphic connection ω de-
fines an EG[g]-valued holomorphic (2, 0)-form on X, and therefore always
vanishes. Thus, all holomorphic connections on EG are flat (i.e. integrable),
and we refer to the pair (EG, ω) as a holomorphic flat G-bundle.
Definition 3.2. The category FX(G) of holomorphic flat G-bundles on X
has objects (EG, ω), where
• EG is a holomorphic G-bundle on X,
• ω is a holomorphic connection on EG.
Morphisms Φ : (EG, ω)→ (FG, η) are given by isomorphisms Φ : EG → FG
covering the identity map on X, such that Φ∗η = ω.
Let {Uα} be a trivializing open cover for a holomorphic principal G-
bundle EG defined by local sections sα : Uα → EG with transition functions
gαβ : Uαβ → G where Uαβ := Uα∩Uβ. Given a holomorphic connection ω on
EG, define the local connection forms ωα := s
∗
αω ∈ Ω1(Uα, g). These local
connection forms satisfy the relation
(3.1) ωα = Ad(g
−1
αβ ) ◦ ωβ + g∗αβθG,
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where θG is the left-invariant Mauer-Cartan form on G. Moreover, given a
set of trivializing local sections {sα}, any collection of locally defined holo-
morphic 1-forms satisfying (3.1) defines a holomorphic connection on EG.
Finally, let EG, FG be holomorphic principal G-bundles and η be a holo-
morphic connection on FG. Let s : U → EG and t : U → FG be local sections
over an open set U ⊂ X. Consider a morphism Φ : EG → FG and the local
connection forms ηU := t
∗η and ηΦU := s
∗(Φ∗η). Then, with respect to the
trivializations induced by s and t, Φ is determined by a holomorphic map
φ : U → G and
(3.2) ηΦU = Ad(φ
−1) ◦ ηU + φ∗θG.
3.2. Extensions and reductions of structure group. Given a holomor-
phic principal G1-bundle EG1 and a homomorphism b : G1 → G2 between
complex Lie groups, there is an associated holomorphic principal G2-bundle
EG1 [G2] = (EG1 ×G2)/ ∼,
where (p, g2) ∼ (p·g1, b(g−11 )·g2) for g1 ∈ G1 and the action of G2 on EG1 [G2]
is given by right multiplication on the second factor. Transition functions
of EG1 [G2] are defined by post-composing transition functions of EG1 with
the homomorphism b : G1 → G2. This process is usually called extending
the structure group.
Let ω be a holomorphic connection on EG1 and θG2 be the left invariant
Maurer-Cartan form of G2. Then the G2-equivariant map
ωb : T (EG1)× TG2 // g2
(v, w)  // db(ω(v)) + θG2(w)
descends to define a connection on the extended bundle EG1 [G2]. We will
denote the connection on EG1 [G2] induced by ω by the same symbol ω.
If EG1 , EG2 are holomorphic G1, G2 bundles respectively, then their
fiber product defines a holomorphic principal (G1 × G2)-bundle EG1×G2 .
Moreover, holomorphic connections ω, η on EG1 , EG2 respectively, induce
a holomorphic connection ω ⊕ η on EG1×G2 . When G1,G2 < G are two
subgroups which commute with each other, then the multiplication map
m : G1 ×G2 → G is a group homomorphism. In this case, two holomorphic
bundles with holomorphic connection (EG1 , ω), (EG2 , η) induce a holomor-
phic G-bundle with connection which we denote by
(3.3) (EG1 ? EG2 [G], ω ? η) := (EG1×G2 [G], ω ⊕ η) .
Note that the transition functions of EG1 ? EG2 [G] are just the product of
the transition functions of EG1 and EG2 in G and that locally ω ? η is just
a sum of the connection forms.
Let V be a complex vector space with a holomorphic G-action. A holo-
morphic V -valued 1-form β on EG is called horizontal if β(Y
]) = 0 for
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every Y ∈ g, and equivariant if R∗gβ = g−1 · β. There is a canonical isomor-
phism between equivariant, horizontal V -valued holomorphic 1-forms and
holomorphic sections the vector bundle K ⊗ EG[V ] over X.
If H < G is a complex Lie subgroup, then a holomorphic reduction of
structure group of a holomorphic principal G-bundle EG to H is a holomor-
phic sub-bundle EH ⊂ EG : note that the inclusion homomorphism H < G
induces an isomorphism EH[G] ∼= EG. Given a holomorphic connection ω on
EG, the second fundamental form of ω relative to a reduction of structure
EH ⊂ EG measures the failure of ω to be induced by a connection on EH.
Definition 3.3. Suppose EH ⊂ EG is a holomorphic reduction of struc-
ture to a closed, complex subgroup H < G. The second fundamental form
Ψ ∈ H0(X,K ⊗ EH[g/h]) is the holomorphic section determined by the H-
equivariant, horizontal 1-form
TEH // TEG
ω // g // g/h .
Finally, we define a notion of relative position for a holomorphic connec-
tion relative to a reduction of structure.
Definition 3.4. Let (EG, ω) be a holomorphic flat G-bundle and EH ⊂ EG
be a holomorphic reduction to a complex subgroup H < G with second
fundamental form Ψ. Let O ⊂ g/h be a C∗ × H-invariant sub-manifold.
Then the position of ω relative to EH is equal to O, denoted posEH(ω) = O,
if and only if Ψ(v) ∈ EH(O) for all non-zero vectors v ∈ TX.
Note, the C∗-invariance implies that there is a well defined holomorphic
fiber bundle K ⊗ EH [O], and the second fundamental form Ψ defines a
holomorphic section of this fiber bundle.
3.3. λ-connections and Higgs bundles. In this subsection we generalize
the notion of a holomorphic connection to depend on a parameter λ ∈ C.
These objects were introduced by Deligne and have been studied by Simpson
[34], and many others. Let G be a complex semisimple Lie group and EG
be a holomorphic principal G-bundle on a Riemann surface X.
Definition 3.5. Given λ ∈ C, a holomorphic λ-connection on EG is a
holomorphic 1-form ω : TEG → g satisfying
(1) R∗gω = Ad(g−1) ◦ ω for all g ∈ G.
(2) ω(Y ]) = λY for all Y ∈ g.
Remark 3.6. A holomorphic 1-connection is just an ordinary holomorphic
connection, and if ω is a λ-connection for λ 6= 0, then 1λω is an ordinary
connection. In contrast, a 0-connection ω vanishes on vertical vectors, thus
ω is equivalent to a holomorphic section ω̂ ∈ H0(X,K ⊗ EG[g]), such a
section is usually called a Higgs field.
Remark 3.7. Recall that local connection forms transform as in (3.1) and
(3.2). Local λ-connections transform the same way with the Maurer-Cartan
form θG in (3.1) and (3.2) replaced by λθG.
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Definition 3.8. The category of holomorphic (G, λ)-connections QFX(G)
on a Riemann surface X has objects (λ,EG, ω), where
• λ ∈ C,
• EG → X is a holomorphic principal G-bundle,
• ω is a holomorphic λ-connection on EG.
A morphism between two objects (λ1, EG, ω) and (λ2, FG, η) is an isomor-
phism Φ : EG → FG covering the identity on X such that Φ∗η = ω. In
particular, there are no such morphisms when λ1 6= λ2.
Note that there is a projection pi : QFX(G)→ C defined by pi(λ,EG, ω) =
λ. For a fixed λ ∈ C, the fiber pi−1(λ) = Fλ(G) defines a full subcategory
FλX(G) ⊂ QFX(G). There is also a C∗-action on QFX(G):
(3.4) ξ · (λ,EG, ω) = (ξλ,EG, ξω),
and pi is equivariant with respect to the standard action of C∗ on C.
When λ = 0, the category of 0-connections F0X(G) is the well-known cat-
egory of G-Higgs bundles on X. In this case, a holomorphic zero connection
(0, EG, ω) is equivalent to the data (EG, ωˆ) where ωˆ ∈ H0(X,K ⊗ EG[g]).
Given a homogeneous basis {p1, · · · , prk(g)} of the G-invariant polynomials
on g with deg(pj) = mj + 1, we can define the Hitchin fibration:
(3.5) H : F0X(G) //
rk(g)⊕
j=1
H0(X,Kmj+1)
(EG, ωˆ)
 // (p1(ωˆ), · · · , prk(g)(ωˆ))
.
The vector space
⊕rk(g)
j=1 H
0(X,Kmj+1) is called the Hitchin base. In [26],
Hitchin used the special features of principal sl2-triples to construct a section
of this map. Since one of the main innovations in this paper is to put the
work of Hitchin and Beilinson-Drinfeld in a more general context, we sketch
the construction of the Hitchin section for adjoint groups GAd here.
Let 〈f, h, e〉 ⊂ g be the principal sl2-triple from Example 2.12. Recall that
the Lie algebra decomposes into adh-eigenspaces g =
⊕
j∈Z g2j . Consider the
holomorphic Lie algebra bundle
Eg :=
⊕
j∈Z
Kj ⊗ g2j .
The holomorphic vector bundle Eg is canonically associated to a principal
GAd-bundle, so that EGAd [g] is canonically isomorphic to Eg.
Recall that V = ker(ade) =
⊕rk(g)
j=1 V2mj is a sum of highest weight spaces
where V2mj = V ∩ g2mj . Choose a non-zero vector e2mj in each highest
weight space V2mj . Note that f ∈ g−2 defines a holomorphic section of
K ⊗ (K−1 ⊗ g−2) and qmj+1 ⊗ e2mj defines a holomorphic section of K ⊗
(Kmj ⊗V2mj ) ⊂ K⊗ (Kmj ⊗g2mj ) for each qmj+1 ∈ H0(X,Kmj+1). Consider
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the map sH :
⊕rk(g)
j=1 H
0(X,Kmj+1)→ F0X(GAd) defined by
(3.6) sH(qm1+1, · · · , qmrk(g)+1) =
EGAd , f + rk(g)∑
j=1
qmj+1 ⊗ e2mj
 .
In [31], Kostant proved that there is a homogeneous basis (p1, · · · , prk(g)) of
the G-invariant polynomials on g with deg(pj) = mj + 1 such that
pj
f + rk(g)∑
j=1
a2mje2mj
 = a2mj .
Defining the Hitchin fibration with respect to this choice of basis for the
invariant polynomials makes sH a section of the map H in equation (3.5).
4. The category of (G,P)-opers
In this section we define the main new object of the paper: (G,P)-opers.
Let X be a connected Riemann surface, G be a connected complex semisim-
ple Lie group, and P < G be a parabolic subgroup. Let O ⊂ g−1/p be the
unique open P-orbit on g−1/p from §2.1. Note that O is also C∗-invariant.
Definition 4.1. A (G,P)-oper on X is a triple (EG, EP, ω) such that
(1) (EG, ω) is a holomorphic flat G-bundle over X,
(2) EP ⊂ EG is a holomorphic reduction of structure to the parabolic
subgroup P < G,
(3) the position of ω relative to EP satisfies posEP(ω) = O.
Remark 4.2. Note that there is an isomorphism EP[g
−1/p] ∼= EL[g−1] where
L ∼= P/U is the Levi factor of P. When P = B, using Example 2.12, the
third condition of Definition 4.1 is that the projection of ω to every negative
simple root space is nowhere vanishing. This recovers Beilinson-Drinfeld’s
definition of a G-oper in [2].
A morphism between two (G,P)-opers (EG, EP, ω), (FG, FP, η) is an iso-
morphism Φ : EG → FG of holomorphic principal bundles such that Φ|EP :
EP → FP is an isomorphism and Φ∗η = ω. The category of (G,P)-opers
over X is denoted OpX(G,P).
Remark 4.3. The definition of a (G,P)-oper extends immediately to the
context of λ-connections. We denote the category of (G,P, λ)-opers over X
as λ ranges over C by QOpX(G,P). Namely, the objects of QOpX(G,P)
consists of tuples (λ,EG, EP, ω), where λ ∈ C and (EG, EP, ω) is a λ-oper.
Using Example 2.1, we can rephrase the above definition for G = SL4C
in terms of rank 4-vector bundles.
Example 4.4. Given a holomorphic SL4C-bundle E with connection ω, let
(V,∇,Ω) be the associated holomorphic vector bundle with connection ∇
and parallel volume Ω.
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(1) Since B is the stabilizer of full flag in C4, a holomorphic B-reduction
EB ⊂ E defines a holomorphic filtration
0 = V0 ⊂ V1 ⊂ V2 ⊂ V3 ⊂ V4 = V,
where rk(Vi) = i. The third condition of Definition 4.1 is that, for
each i, ∇(Vi) ⊂ Vi+1 ⊗K and ∇ induces a bundle isomorphism
Vi/Vi−1
∼=−→ Vi+1/Vi ⊗K.
(2) For P the stabilizer of a subspace C2 ⊂ C4, a holomorphic P-
reduction EP ⊂ E defines a holomorphic filtration
0 = V0 ⊂ V2 ⊂ V4 = V,
where rk(Vi) = i. The third condition of Definition 4.1 is that ∇
induces a bundle isomorphism
V2
∼=−→ V/V2 ⊗K.
(3) For P the stabilizer of a partial flag C1 ⊂ C3 ⊂ C4, a holomorphic
P-reduction EP ⊂ E defines a holomorphic filtration
0 = V0 ⊂ V1 ⊂ V3 ⊂ V4 = V,
where rk(Vi) = i. The third condition of Definition 4.1 is that
∇(V1) ⊂ V3 ⊗K and the composition
V1 ∇−→ V3 ⊗K ∇⊗id−−−→ V ⊗K2 → V/V3 ⊗K2
is a bundle isomorphism.
(4) For P the stabilizer of a subspace C1 ⊂ C4, a holomorphic P-
reduction EP ⊂ E defines a holomorphic line sub-bundle V1 ⊂ V.
The third condition of Definition 4.1 is that the map V1 → V/V1⊗K
induced by ∇ is an injective bundle map.
Remark 4.5. Each of the above examples generalizes naturally to higher
rank holomorphic vector bundles. For the first example, we recover the
classical vector bundle definition of an oper. Namely, an (SLnC,B)-oper
consists of a rank n holomorphic vector bundle V with holomorphic volume
form Ω, equipped with a holomorphic filtration V1 ⊂ · · · ⊂ Vn−1 ⊂ V with
rk(Vi) = i, and a holomorphic connection ∇ preserving Ω and satisfying
∇(Vi) ⊂ Vi+1 ⊗K and ∇ : Vi/Vi−i → Vi+1/Vi ⊗K an isomorphism for all i.
If G = S is isomorphic to PSL2C or SL2C, the Borel BS < S is the only
proper parabolic subgroup. In terms of vector bundles, an SL2C-oper is
a 4-tuple (V,V1,∇,Ω), where rk(V) = 2 and Ω is a holomorphic volume
form on V. Furthermore, V1 ⊂ V is a holomorphic line sub-bundle and
∇ is a holomorphic connection preserving Ω such that the induced map
∇ : V1 → V/V1 ⊗ K is an isomorphism. When X is a compact Riemann
surface of genus g ≥ 2, this implies V1 ∼= K 12 is one of the 22g-square roots of
(G,P)-OPERS AND SLODOWY SLICES 19
K and V/V1 ∼= K− 12 . The ambient holomorphic vector bundle V is isomorphic
to the unique non-split extension
0 // K 12 // V // K− 12 // 0 .
Choosing a smooth identification of V with K 12⊕K− 12 , an explicit example
of an oper is given by the following Dolbeault operator and holomorphic
connection:
(4.1) ∂¯V =
(
∂¯1/2 h
0 ∂¯−1/2
)
and ∇ =
(
∇h1/2 q
1 ∇h−1/2
)
.
Here, h ∈ A0,1(X,K) is the uniformizing hyperbolic metric on X, ∂¯1/2 and
∂¯−1/2 are Dolbeault operators on K
1
2 and K−
1
2 respectively, ∇h1/2 and ∇h−1/2
are the (1, 0)-parts of the Chern connections of the induced metrics on K
1
2
and K−
1
2 , respectively, and q ∈ H0(X,K2). In fact, every SL2C-oper is
isomorphic to (4.1). This will be generalized in Theorem 5.14 for (G,P)-
opers when P is an even JM-parabolic.
We can also use (4.1) to construct sections of QOpX(SL2C) → C. One
such section is given by
(4.2) τ(λ) = (λ, ∂¯F ,∇) =
(
λ,
(
∂¯1/2 λh
0 ∂¯−1/2
)
,
(
λ∇h1/2 λ2q
1 λ∇h−1/2
))
,
Remark 4.6. In the above discussion, we have a choice of a square root of
K. Each such choice defines the same PSL2C-oper.
5. The global Slodowy slice for even JM-parabolics
In this section, we define the s-Slodowy category Bs,X(G) associated to
any even sl2-triple s = 〈f, h, e〉 ⊂ g. Throughout the rest of the paper, we
fix once and for all a connected, compact Riemann surface X of genus g ≥ 2.
All holomorphic objects are taken over X.
We first prove that the category Bs,X(G) is equivalent to the category
OpX(G,P) of (G,P)-opers, where P is the even JM-parabolic associated to
s. This equivalence can be interpreted as a “global slice theorem”. When s
is a principal subalgebra and G is an adjoint group, Bs,X(G) is the Hitchin
base and we recover Beilinson-Drinfeld’s parameterization of (G,B)-opers.
Let S < G be the connected subgroup with Lie algebra s. The func-
tor realizing the equivalence depends on the choice of an S-oper. We then
show that there is a full subcategory B̂s,X(G) of Bs,X(G) and a functor
OpX(S,BS) × B̂s,X(G) → OpX(G,P) which is an equivalence when S ∼=
PSL2C, and essentially surjective and full when S ∼= SL2C. Finally we ex-
tend these results to the category of (λ,G,P)-opers. For λ = 0 and P = B,
we recover the Hitchin section.
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5.1. The s-Slodowy category. Let G be a connected, complex semi-simple
Lie group. Fix an even sl2-triple s = 〈f, h, e〉 ⊂ g, let bs = 〈h, e〉 ⊂ g and let
BS < S < G be the associated connected subgroups of G. Recall from (2.7)
that we have an s-module decomposition of g
g = c⊕
N⊕
j=1
W2mj .
Recall also that the Slodowy data of s given by
V = c⊕
N⊕
j=1
V2mj .
Moreover, from Proposition 2.4, we have V2 = 〈e〉 ⊕ Vˆ2.
The Slodowy data of s is the Lie theoretic mechanism which defines the
generalization of the Hitchin base.
Definition 5.1. Let G be a connected complex semi-simple Lie group and
s = 〈f, h, e〉 ⊂ g be an even sl2-triple with centralizer C < G. The s-Slodowy
category Bs,X(G) has objects (EC, ψ0, ψm1 , · · · , ψmN ), where
• EC is a holomorphic C-bundle.
• ψ0 is a holomorphic C-connection on EC.
• ψmj ∈ H0(X,EC[V2mj ]⊗Kmj+1).
The morphisms are given by isomorphisms of holomorphic flat C-bundles
which identify holomorphic sections of EC[V2mj ]⊗Kmj+1 for every j.
Remark 5.2. For a principal sl2-subalgebra s ⊂ g, C < G is the center of G
and ψmj ∈ H0(X,Kmj+1). In this case, Bs,X(G) is the product of the Hitchin
base with the finite set of holomorphic C-bundles on X. In particular, for
an adjoint group G, Bs,X(G) is the Hitchin base.
The following lemma allows us to view the coefficients ψmj in the Slodowy
category as holomorphic 1-forms valued in some auxiliary bundle, which are
the kind of objects that can be added to connections.
Lemma 5.3. Let Θ = (FS, FBS , η) be an (S,BS)-oper. For every holomor-
phic C-bundle EC, the second fundamental form of η induces an isomorphism
(5.1) EC ? FBS [V2mj ]⊗K ∼= EC[V2mj ]⊗Kmj+1,
where we recall the ?-notation from (3.3).
Proof. The oper condition implies that the second fundamental form of η
relative to FBS induces an isomorphism K−1 ∼= FBS [s/bs]. This implies that
K ∼= FBS [〈e〉]. Since BS acts on V2mj via a multiplicative character of expo-
nent 2mj , this implies that Kmj ⊗ V2mj ∼= FBS [V2mj ]. 
We now define the Slodowy functor, which should be viewed as a gener-
alized affine deformation of the Hitchin section.
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Definition 5.4. Let G be a connected complex semisimple Lie group, s =
〈f, h, e〉 ⊂ g an even sl2-triple, and S < G the associated connected sub-
group. For each (S,BS)-oper Θ = (FS, FBS , η), the Θ-Slodowy functor
(5.2) FΘ : Bs,X(G)→ OpX(G,P)
is defined by
FΘ(Ξ) = (EC ? FS[G], EC ? FBS [P], η ? ψ0 + ψm1 + · · ·+ ψmN ),
where Ξ = (EC, ψ0, ψm1 , · · · , ψmN ) is an object in Bs,X(G) and we have
identified each ψmj with a holomorphic section of FBS ? EC[V2mj ]⊗K using
the isomorphism (5.1). If Φ : EC → E′C is a morphism in Bs,X(G), then
FΘ(Φ) = Φ ? IdFS : EC ? FS(G)→ E′C ? FS(G).
Note that the Slodowy functor does produce a (G,P)-oper, since the re-
sulting holomorphic connection leaves the g−1-space unchanged, and there-
fore the second fundamental form of η ? ψ0 + ψm1 + · · · + ψmN relative to
EC ? FBS [P] is identified with the second fundamental form of η.
Remark 5.5. The Slodowy functor can be extended to a functor
(5.3) F : OpX(S,BS)× Bs,X(G) // OpX(G,P)
(Θ,Ξ)  // FΘ(Ξ)
.
Given morphisms Φ1 : Θ → Θ′ and Φ2 : Ξ → Ξ′, we have F (Φ1,Φ2) =
Φ1 ? Φ2 : F (Θ,Ξ)→ F (Θ′,Ξ′).
Recall that a functor defines an equivalence of categories if it is essentially
surjective and fully faithful, i.e. every isomorphism class is in the image
and the functor induces a bijection on morphisms. The central theorem of
this paper is the following parameterization of (G,P)-opers via the Slodowy
category.
Theorem 5.6. Let G be a connected complex semi-simple Lie group, s =
〈f, h, e〉 ⊂ g be an even sl2-triple, and P < G be the associated even JM-
parabolic. For every (S,BS)-oper Θ, the Θ-Slodowy functor
FΘ : Bs,X(G)→ OpX(G,P)
is an equivalence of categories.
Remark 5.7. When s is a principal subalgebra and P = B is the Borel
subgroup, Theorem 5.6 is due to Beilinson-Drinfeld [2]. Note that, in this
case, the Slodowy functor is defined similarly to the Hitchin section (3.6),
see (5.14) for the explicit relation.
To remove the choice of (S,BS)-oper from Theorem 5.6, we introduce a
full sub-category B̂s,X(G) of Bs,X(G). Since the space V2 decomposes C-
invariantly as 〈e〉 ⊕ Vˆ2, for any holomorphic C-bundle EC we have
EC[V2]⊗K2 ∼= K2 ⊕ (EC[Vˆ2]⊗K2).
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Thus, for an object (EC, ψ0, ψm1 , · · · , ψmN ) in Bs,X(G), ψm1 decomposes as
(5.4) ψm1 = q ⊕ ψˆm1 ,
where q ∈ H0(X,K2) and ψˆm1 ∈ H0(X,EC [Vˆ2]⊗K2).
Definition 5.8. Let s = 〈f, h, e〉 ⊂ g be an even sl2-triple. Define the
traceless quadratic s-Slodowy category to be the full subcategory B̂s,X(G) of
Bs,X(G) whose objects are (EC, ψ0, ψm1 , · · · , ψmN ) with ψm1 = ψˆm1 .
The following theorem mirrors Theorem 5.6, but reinstates the symmetry
broken by the choice of a fixed (S,BS)-oper.
Theorem 5.9. Let G be a connected complex semi-simple Lie group, s =
〈f, h, e〉 ⊂ g an even sl2-triple, S < G the connected subgroup with Lie
algebra s, and P < G the associated even JM-parabolic. Then, the functor
F : OpX(S,BS)× B̂s,X(G) // OpX(G,P)
(Θ,Ξ)  // FΘ(Ξ)
is an equivalence of categories when S ∼= PSL2C, and essentially surjective
and full when S ∼= SL2C.
Remark 5.10. Recall that when G is an adjoint group, the subgroup S < G
is always isomorphic to PSL2C. Thus, for adjoint groups, the above functor
is an equivalence of categories.
5.2. Proofs of Theorems 5.6 and 5.9. In this section we will prove The-
orems 5.6 and 5.9. These proofs will be relatively straightforward conse-
quences of Lemma 5.13. The reader is encouraged to skip to Theorem 5.14
to understand the usage of this technical statement.
Fix an even sl2-triple s = 〈f, h, e〉 ⊂ g and retain the notation from the
previous sections. In particular, P < G is the even JM-parabolic associated s
and U < P is the unipotent radical which has a filtration UmN < · · · < U1 =
U. Throughout this section we will use the Z-grading (2.2), i.e., gj ⊂ g is the
jth eigenspace of adh
2
. Recall the open orbits O−1 ⊂ g−1 and Os = C∗ · f,
and the vector space V = ker(ade) ⊂ g.
Before proving Lemma 5.13 we prove two auxillary lemmas.
Lemma 5.11. Let U be a 1-connected domain and consider holomorphic
1-forms ω : TU → g−1 ⊕ p and η : TU → s such that ω(v) ∈ O−1 + p and
η(v) ∈ Os +bs for all nonzero v ∈ TU. Then there exists a holomorphic map
Ψ : U → P such that
(5.5) ψ := Ad(Ψ−1) ◦ ω + Ψ∗θP − η : TU → V,
where θP is the left invariant Mauer-Cartan form on P.
Proof. Since P acts transitively on O−1 + p and U is 1-connected, there is a
holomorphic map Ψ0 : U → P such that
Ad(Ψ−10 ) ◦ ω − η : TU → p.
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Define
ω0 := Ad(Ψ
−1
0 ) ◦ ω + Ψ∗0θL : TU → Os + p.
By Theorem 2.13, there exists a unique holomorphic Ψ1 : U → U1 such that
Ad(Ψ−11 ) ◦ ω0 : U → Os + V
Then, define
ω1 := Ad(Ψ
−1
1 ) ◦ ω0 + Ψ∗1θU1 : TU → Os + V + u1.
Using Theorem 2.13 inductively for each i ≥ 2, we obtain a unique Ψi :
U → Ui such that Ad(Ψ−1i ) ◦ ωi−1 : TU → Os + V, and the resulting
ωi := Ad(Ψ
−1
i ) ◦ ωi−1 + Ψ∗i θUi : TU → Os + V + ui.
When i = mN , since g
mN ⊂ V, we obtain ωmN : TU → Os + V.
Then Ψ = Ψ0 · · ·ΨmN+1 : U → P is the desired map since
Ad(Ψ−1) ◦ ω + Ψ∗θP = Ad(Ψ−1mN+1) ◦ ωmN −Ad(Ψ−1mN+1 · · · · ·Ψ−11 ) ◦Ψ∗0θL
−
mN∑
i=1
Ad(Ψ−1mN+1 · · · · ·Ψ−1i+1) ◦Ψ∗i θUi + Ψ∗θP
= Ad(Ψ−1mN+1) ◦ ωmN + Ψ∗mN+1θUS .

We also need the following Lie theoretic lemma.
Lemma 5.12. Let u ∈ U
(1) If u = exp(xj + · · · + xmN ), where xk ∈ gk, then Ad(u)(f) = f −
adf (xj) + b for b ∈ uj.
(2) Suppose u is in the group generated by US and U
j for j ≥ 2. If the
projection of Ad(u)(f) onto adf (u
j) ∩ gj−1 is zero, then u is in the
group generated by US and U
j+1.
Proof. The first part follows from a direct computation. We have
Ad(u)(f) =
∞∑
i=0
adix(f)
i!
= f − adf (xj) + b,
where b ∈ uj is given by b = −∑mNk=j+1 adf (xk) +∑∞i=2 adix(f)i! .
For the second part, suppose u is in the group generated by US and U
j
for j ≥ 2. Then u = exp(λe + xj + · · · + xmN ) for λ ∈ C and xk ∈ gk. A
computation shows that
Ad(u)(f) =
∞∑
i=0
adix(f)
i!
= f + adλe(f) +
ad2λe(f)
2
− adf (xj) + b,
where b ∈ uj . The projection onto adf (uj) ∩ gj−1 is −adf (xj), and is zero
if and only if xj = 0. Hence, this projection is zero if and only if u is in the
group generated by US and U
j+1. 
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Lemma 5.13. Let Uα, Uβ ⊂ C be 1-connected domains such that Uαβ :=
Uα ∩ Uβ 6= ∅ is 1-connected. For i = α, β, let ωi, ηi, Ψi and ψi be as in
Lemma 5.11. Suppose there exists holomorphic maps pαβ : Uαβ → P and
bαβ : Uαβ → BS such that
ωα = Ad(p
−1
αβ) ◦ ωβ + p∗αβθP and ηα = Ad(b−1αβ) ◦ ηβ + b∗αβθBS .
If qαβ := Ψ
−1
β · pαβ ·Ψα : Uαβ → P, then
(5.6) Ad(q−1αβ )(ηβ + ψβ) + q
∗
αβθP = ηα + ψα.
Furthermore, the holomorphic map qαβ · b−1αβ : Uαβ → P is valued in C.
Proof. By assumption we have ψi + ηi = Ad(Ψ
−1
i ) ◦ ωi + Ψ∗i θP for i = α, β.
Equation (5.6) follows from the definition of qαβ:
Ad(q−1αβ ) ◦ (ηβ + ψβ) = Ad(Ψ−1α · p−1αβ ·Ψβ)(Ad(Ψ−1β ) ◦ ωβ + Ψ∗βθP)
= Ad(Ψ−1α ) ◦ ωα + Ψ∗αθP − q∗αβθP
= ηα + ψα − q∗αβθP.
Rewriting (5.6) leads to
(5.7) ψα −Ad(q−1αβ ) ◦ ψβ + ηα −Ad(q−1αβ ) ◦ ηβ = q∗αβθP.
Since P ∼= L n U, there are unique holomorphic maps lαβ : Uαβ → L and
uαβ : Uαβ → U such that qαβ = uαβ · lαβ.
Equation (5.7) is a direct sum of graded pieces. By hypothesis, the (−1)-
graded piece is the first non-zero term. Since the (−1)-graded pieces of ψα,
Ad(q−1αβ ) ◦ ψβ and q∗αβθP vanish, we have
(5.8) (ηα)−1 − (Ad(q−1αβ ) ◦ ηβ)−1 = (ηα)−1 −Ad(l−1αβ ) ◦ (ηβ)−1 = 0.
Thus, lαβ = l̂S,αβ · cαβ for holomorphic maps cαβ : Uαβ → C and l̂S,αβ :
Uαβ → LS, where LS < BS is the Levi associated to 〈h〉 ⊂ bs.
For the zeroth graded piece we have
(5.9) (ηα)0− (Ad(q−1αβ ) ◦ ηβ)0 + (ψα)0− (Ad(q−1αβ ) ◦ψβ)0 = c∗αβθP + l̂∗S,αβθP.
The term (ψα)0− (Ad(q−1αβ ) ◦ψβ)0 takes values in c. Since (q∗αβθP)0 is valued
〈h〉 ⊕ c, the term (ηα)0 − (Ad(q−1αβ ) ◦ ηβ)0 is valued in 〈h〉. Thus,
(5.10) (ψα)0 − (Ad(q−1αβ ) ◦ ψβ)0 = (ψα)0 −Ad(c−1αβ) ◦ (ψβ)0 = c∗αβθP.
Since C and LS act trivially on 〈h〉, the other term is given by
(5.11) (ηα)0 − (ηβ)0 −Ad(l̂−1S,αβ) ◦ (Ad(uαβ) ◦ ηβ)0 = l̂∗S,αβθP.
Since (ηβ)−1 is valued in 〈f〉, Lemma 5.12 implies uαβ is valued in the group
generated by US.
Now, the first graded piece is valued in 〈e〉 and given by
(ηα)1 − (Ad(q−1αβ ) ◦ ηβ)1 + (ψα)1 − (Ad(q−1αβ ) ◦ ψβ)1 = (q∗αβθP)1.
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Since ψβ is valued in V and qαβ is valued in the group generated by C, BS
and U2, the term (ψα)1−(Ad(q−1αβ )◦ψβ)1 is valued in V . Hence the projection
of (Ad(q−1αβ ) ◦ ηβ)1 onto adf (u2) is zero. In particular, this implies that the
projection of Ad(u−1αβ)◦ (ηβ)−1 onto adf (u2) is zero. Hence, uαβ takes values
in the group generated by US and U
3 by Lemma 5.12.
For j ≥ 2, assume uαβ is valued in the group generated by US and Uj+1.
Then 0 = (q∗αβθP )j and the term (ψα)j − (Ad(q−1αβ ) ◦ ψβ)j is valued in V.
Thus, (Ad(q−1αβ ) ◦ ηβ)j = 0. By Lemma 5.12, the image of qαβ is contained
in the subgroup of P generated by C, BS and U
j+2, and
(5.12) (ψα)j − (Ad(q−1αβ ) ◦ ψβ)j = 0.
Since UmN+1 = 0, qαβ is valued in the subgroup generated by BS and C.
Hence, we have shown that qαβ factors as cαβ · b̂αβ, for holomorphic maps
cαβ : Uαβ → C and b̂αβ : Uαβ → BS. We also have bαβ : Uαβ → BS such
that ηα = Ad(b
−1
αβ) ◦ ηβ + b∗αβθBS . Moreover, there are unique holomorphic
maps lS,αβ, l̂S,αβ : Uαβ → LS and uS,αβ, ûS,αβ : Uαβ → US such that bαβ =
lS,αβ · uαβ and b̂αβ = l̂S,αβ · ûαβ, respectively.
Using (5.8) and the fact that C acts trivially on Os, we have
Ad(l̂S,αβ) ◦ (ηβ)−1 −Ad(lS,αβ) ◦ (ηβ)−1 = 0.
Since LS acts transitively on Os with stabilizer the center of S, lS,αβ and l̂S,αβ
differ by an element of the center of S. In particular, l∗S,αβθLS = l̂
∗
S,αβθLS .
Now using (5.11), we have
Ad(l̂−1S,αβ)(Ad(û
−1
S,αβ) ◦ ηβ)0 −Ad(l−1S,αβ)(Ad(u−1S,αβ) ◦ ηβ)0 = 0.
Note that Ad(l̂−1S,αβ) = Ad(l
−1
S,αβ) and, for u ∈ US,
(Ad(u) ◦ ηβ)0 = (ηβ)0 + (Ad(u) ◦ (ηβ)−1)0.
Thus,
(Ad(uS,αβ) ◦ (ηβ)−1)0 − (Ad(ûS,αβ) ◦ (ηβ)−1)0 = 0,
and hence uS,αβ = ûS,αβ.
From the above argument b̂αβ · b−1αβ is valued in the center of S and hence
in C. Thus qαβ = cαβ · b̂αβ satisfies qαβ · b−1αβ : Uαβ → C. 
The proofs of Theorems 5.6 and 5.9 follow almost immediately from the
following parameterization theorem.
Theorem 5.14. Let G be a connected complex semisimple Lie group, s =
〈f, h, e〉 ⊂ g be an even sl2-triple, S < G be the connected subgroup with Lie
algebra s, C < G be the centralizer of s and P < G be the associated even
JM-parabolic. Let Θ = (FS, FBS , η) be an (S,BS)-oper and (EG, EP, ω) a
(G,P)-oper. Then, there exists a flat C-bundle (EC, ψ0) and an isomorphism
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Ψ : (EC ? FBS)[P]→ EP such that
(5.13) Ψ∗ω − η ? ψ0 =
N∑
j=1
ψmj ∈
N⊕
j=1
H0(X,K ⊗ (EC ? FBS [V2mj ])).
Finally, if (E˜C, ψ˜0) and Ψ˜ is another flat C-bundle and isomorphism, respec-
tively, which satisfies (5.13), then the isomorphism Ψ˜−1Ψ : (EC ?FBS)[P]→
(E˜C ? FBS)[P] induces an isomorphism in the Slodowy category between
(EC, ψ0,
∑N
j=1 ψmj ) and (E˜C, ψ˜0,
∑N
j=1 ψ˜mj ).
Proof. Let {Uα} be a trivializing open cover of both EP and FBS and let
{pαβ : Uαβ → P} and {bαβ : Uαβ → BS}
be the transition functions of EP and FBS respectively. The restrictions of
ω and η to Uαβ satisfy
ωα = Ad(p
−1
αβ) ◦ ωβ + p∗αβθP and ηα = Ad(b−1αβ) ◦ ηβ + b∗αβθBS .
By Lemma 5.11, we obtain {Ψα : Uα → P} so that
Ad(Ψ−1α ) ◦ ωα + Ψ∗αθP − ηα := ψα : TUα → V.
Let EQ be the principal P-bundle defined by the transition functions Q :=
{qαβ = Ψ−1β pαβΨα : Uαβ → P}. By construction, the locally defined Ψα
patch to a globally defined isomorphism Ψ : EQ → EP. Now, we are exactly
in the setting of Lemma 5.13 and we deduce that qαβ = cαβ · bαβ for some
holomorphic map cαβ : Uαβ → C.
Since BS and C commute, the functions cαβ : Uαβ → C are the transition
functions of a holomorphic C-bundle EC. Therefore, EQ = EC ? FBS [P] and
Ψ : EC ? FBS [P]→ EP is the promised isomorphism.
Next, by Lemma 5.13 equation (5.6), the locally defined holomorphic 1-
forms {ηα + ψα} glue to define a holomorphic connection on EC ? FBS [G]
which, by construction, is equal to Ψ?ω.
By equation (5.9), {(ψα)0} defines a holomorphic connection on EC.More-
over, by (5.12) each {(ψα)mj} defines a section ψmj ∈ H0(X,EC?FBS [V2mj ]⊗
K). Thus,
Ψ∗ω = η ? ψ0 + ψm1 + · · ·+ ψmN .
Finally, assume we are given a Ψ˜ as in the statement of the Theorem
which satisfies
Ψ˜∗ω = η ? ψ˜0 + ψ˜m1 + · · ·+ ψ˜mN .
Then by breaking into graded pieces we immediately obtain (Ψ˜−1 ◦Ψ)∗(η ?
ψ˜0) = η ? ψ0 and (Ψ˜
−1 ◦Ψ)∗(ψ˜i) = ψi for all i > 0. Therefore, this defines a
morphism in the Slodowy category. 
We now prove Theorem 5.6 and Theorem 5.9.
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Proof of Theorem 5.6. By Theorem 5.14, for each (S,BS)-oper Θ, the Slodowy
functor FΘ is essentially surjective. Given a morphism Φ : (EC, ψ0) →
(E′C, ψ
′
0) in Bs,X(G), FΘ(Φ) is defined by Φ ? IdBS : EC ? FBS [G] → E′C ?
FBS [G]. This is clearly faithful.
The fullness follows from the final statement of Theorem 5.13. 
Proof of Theorem 5.9. Fix an (S,BS)-oper Θ = (FS, FBS , η) and let (EG, EP, ω)
be a (G,P)-oper. By Theorem 5.14, there is Ξ = (EC, ψ0, ψ1, · · · , ψmN ) in
Bs,X(G) such that
(EG, EP, ω) ∼= (FS ? EC[G], FBS ? EC[P], η ? ψ0 + ψm1 + · · ·+ ψmN ),
where, using the isomorphism (5.1), ψmj ∈ H0(X,FBS ? EC[V2mj ]⊗K).
By (5.4), ψm1 decomposes as ψm1 = q + ψˆm1 , where
q ∈ H0(X,EC ? FBS [〈e〉]⊗K) ∼= H0(X,FBS [〈e〉]⊗K) ,
ψˆm1 ∈ H0(X,EC ? FBS [Vˆ2]⊗K).
Let Ξˆ = (EC, ψ0, ψˆm1 , ψm2 , · · · , ψmN ) be the associated object in B̂s,X(G).
Note that Θq = (FS, FBS , η + q) is another (S,BS)-oper and
FΘ(Ξ) = FΘq(Ξˆ).
Thus, the functor F : OpX(S,BS) × B̂s,X(G) → OpX(G,P) defined by
F (Θ, Ξˆ) = FΘ(Ξˆ) is essentially surjective.
For fullness, consider
Φ : EC ? FBS [P]→ E′C ? F ′BS [P]
such that Φ∗(η′ ? ψ′0 + ψˆ′1 + · · ·+ ψ′mN ) = η ? ψ0 + ψˆ1 + · · ·+ ψmN . Locally,
Φ = {Φα : Uα → P}, where each Φα preserves s + V . By Lemma 5.12, we
have Φα : Uα → C ? BS, and Φ : EC ? FBS → E′C ? F ′BS . Such a Φ can be
written as a product ΦC · ΦBS where ΦC : EC → E′C and ΦBS : FBS → F ′BS .
For faithfulness, note that the multiplication map S×C→ G is injective
if and only if S ∼= PSL2C. Thus, the functor F is faithful if and only if
S ∼= PSL2C. 
5.3. Explicit models for SL4C-opers. Recall Examples 2.1, 2.11 and 4.4.
For SL4C, the s-Slodowy categories are defined as follows.
(1) For s = 〈f, h, e〉 ⊂ sl4C a principal sl2, we have C = 〈
√−1Id〉. The
objects of Bs,X(SL4C) consists of tuples
(L, ψ1, ψ2, ψ3),
where L is a holomorphic line bundle on X such that L4 = OX and
ψj ∈ H0(X,Kj+1) for j = 1, 2, 3.
(2) For s = 〈f, h, e〉 ⊂ sl4C the even sl2 whose associated JM-parabolic
is the stabilizer of subspace C2 ⊂ C4, we have C ∼= SL±2 C. Using
Example 2.11, the objects of Bs,X(SL4C) are tuples
(W,∇W , ψ1),
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where W is a rank two holomorphic vector bundle with det(W)2 ∼=
OX , ∇W is a holomorphic connection on W compatible with the
isomorphism det(W)2 ∼= OX , and ψ1 ∈ H0(X,End(W) ⊗ K2). The
decomposition (5.4) is ψ1 = q⊗ IdW + ψˆ1, where q ∈ H0(X,K2) and
ψˆ1 ∈ H0(X,End(W)⊗K2) is a traceless.
(3) For s = 〈f, h, e〉 ⊂ sl4C, the even sl2 whose associated JM-parabolic
is the stabilizes a partial flag C ⊂ C3 ⊂ C4, we have C ∼= GL1C.
Using Example 2.11, the objects of Bs,X(SL4C) are tuples
(L,∇L, ψ1, ψ2),
where L is a degree zero line bundle, ∇L is a holomorphic connection
on L, ψ1 ∈ H0(X,K2) ⊕ H0(X,L4K2) ⊕ H0(X,L−4K2) and ψ2 ∈
H0(X,K3). The decomposition (5.4) of ψ1 is ψ1 = q + ψˆ1, where
q ∈ H0(X,K2) and ψˆ1 ∈ H0(X,L4K2)⊕H0(X,L−4K2).
We now describe the Slodowy functor for each of these examples. To make
the descriptions more concrete we will choose a smooth isomorphism between
filtered objects and their associated graded. The holomorphic bundles with
connections will then be expressed as Dolbeault operators and connections
on the smooth bundle.
Recall Examples 4.4 and Example 2.11. Let Θ the SL2C-oper from (4.1).
The ordering of the below cases is the same as the previous examples.
(1) The Θ-Slodowy functor FΘ : Bs,X(SL4C)→ OpX(SL4C,B) is
FΘ(L, ψ1, ψ2, ψ3) = (∂¯V ,∇)
where (∂¯V ,∇) are Dolbeault operators and holomorphic connections
on the smooth bundle LK 32 ⊕ LK 12 ⊕ LK− 12 ⊕ LK− 32 given by
∂¯V =

∂¯L ⊗ ∂¯3/2 3h 0 0
0 ∂¯L ⊗ ∂¯1/2 4h 0
0 0 ∂¯L ⊗ ∂¯−1/2 3h
0 0 0 ∂¯L ⊗ ∂¯−3/2

∇ =

∇L ⊗∇h3/2 3q + 3ψ1 ψ2 ψ3
1 ∇L ⊗∇h1/2 4q + 4ψ1 ψ2
0 1 ∇L ⊗∇h−1/2 3q + 3ψ1
0 0 1 ∇L ⊗∇h−3/2
 ,
where ∇L is the holomorphic connection which induces the trivial
connection on L4 = OX .
(2) The Θ-Slodowy functor FΘ : Bs,X(SL4C)→ OpX(SL4C,P) is
FΘ(W,∇W , ψ1) = (∂¯V ,∇),
where (∂¯V ,∇) are Dolbeault operators and holomorphic connections
on the smooth bundle (W ⊗K 12 )⊕ (W ⊗K− 12 ) given by
∂¯V =
(
∂¯W ⊗ ∂¯1/2 h⊗ IdW
0 ∂¯W ⊗ ∂¯1/2
)
and ∇ =
(
∇W ⊗∇h1/2 q ⊗ IdW + ψ1
IdW ∇W ⊗ ∂h−1/2
)
.
(G,P)-OPERS AND SLODOWY SLICES 29
(3) The Θ-Slodowy functor FΘ : Bs,X(SL4C)→ OpX(SL4C,P) is
FΘ(L,∇L, ψ1, ψ2) = (∂¯V ,∇)
where (∂¯V ,∇) are Dolbeault operators and holomorphic connections
on the smooth bundle LK ⊕ L⊕ L−3 ⊕ LK−1 given by
∂¯V =

∂¯L ⊗ ∂¯1 h 0 0
0 ∂¯L 0 h
0 0 ∂¯L−3 0
0 0 0 ∂¯L ⊗ ∂¯−1

∇ =

∇L ⊗∇h1 2q + 2α β ψ3
1 ∇L 0 2q + 2α
0 0 ∇L−3 γ
0 1 0 ∇L ⊗∇h−1
 ,
where ψ1 = (α, β, γ) ∈ H0(X,K2)⊕H0(X,L4K2)⊕H0(X,L−4K2).
5.4. The (s, λ)-Slodowy functor. We now describe appropriate gener-
alizations of Theorems 5.6, 5.9 and 5.14 to the category QOpX(G,P) of
(λ,G,P)-opers. Since the proofs and statements of the results are almost
identical to the λ = 1 case, we mostly omit the details.
First note that the definition of the s-Slodowy category Bs,X(G) gen-
eralizes immediately to a (λ, s)-Slodowy category QBs,X(G) whose objects
consist of tuples (λ,EC, ψ0, ψm1 , · · · , ψmN ), where (λ,EC, ψ0) is an object
in QF(C) and ψmj ∈ H0(X,EC[V2mj ] ⊗ Kmj+1). Similarly, we define the
traceless quadratic part QB̂s,X(G) to be the locus where ψm1 = ψˆm1 .
There are natural projections,
QOpX(G,P)→ C and QBs,X(G)→ C .
Denote the fiber category over λ ∈ C by OpλX(G,P) and Bλs,X(G), respec-
tively.
The Slodowy functor from Definition 5.4 also immediately generalizes to
λ-connections. For each (λ,S,BS)-oper Θλ = (λ, FS, FBS , η), define the Θλ-
Slodowy functor FΘλ : Bλs,X(G)→ OpλX(G,P) by
FΘλ(Ξλ) = (λ , EC ? FS(G) , EC ? FBS(P) , η ? ψ0 + ψm1 + · · ·+ ψmN ) ,
where Ξλ = (λ,EC, ψ0, ψm1 , · · · , ψmN ).
Lemmas 5.11 and 5.13 are valid when the Maurer-Cartan form θP in
(5.5) and (5.6) are replaced by λθP. Moreover, the natural λ-connection
generalization of Theorem 5.14 is proven by replacing the use of Lemma
5.13 by the λ-version. In particular, this implies that the λ-Slodowy functor
FΘλ : Bλs,X(G)→ OpλX(G,P) is an equivalence of categories. Moreover, each
section τ : C→ QOpX(S,BS) defines an equivalence of categories
Fτ : QBs,X(G) // QOpX(G,P)
Ξλ
 // Fτ(λ)(Ξλ)
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Remark 5.15. Recall that one such sections τ : C→ QOpX(S,BS) is defined
in (4.2). When 〈f, h, e〉 is a principal sl2-triple, the functor
(5.14) Fτ(0) : B0s,X(G)→ Op0X(G,B) ↪→ F0X(G)
recovers the Hitchin section from (3.6).
For the group SL4C, explicit models of the (λ, s)-Slodowy category are
given by replacing the C-connection in §5.3 with a (λ,C)-connection. Ex-
plicit descriptions of the λ-Slodowy functor are defined by replacing the
SL2C-oper from (4.1) with the (λ,SL2C)-oper τ(λ) defined above. In par-
ticular, the associated Higgs bundles are obtained by setting λ = 0.
Finally, analogous to Theorem 5.9, the above equivalence can be upgraded
to remove choice of section τ. There are natural C∗-actions on QBs,X(G) and
QOpX(G,P) defined by
(5.15) ξ · (λ,EG, EP, ω) = (ξλ,EG, EP, ξω)
ξ · (λ,EC, ψ0, ψm1 , · · · , ψmN ) = (ξλ,EC, ξψ0, ξψm1 , · · · , ξψmN )
Denote the fiber product of the categories QOpX(S,BS) and QB̂s,X(G) with
respect to the natural projections to C by
QOpX(S,BS)×C QB̂s,X(G).
The diagonal C∗-action on QOpX(S,BS)×QB̂s,X(G) induces a natural C∗-
action on the fiber product.
The proof of the following theorem is almost identical to the proof of
Theorem 5.9.
Theorem 5.16. Let G be a connected complex semisimple Lie group, s =
〈f, h, e〉 ⊂ g be an even sl2-triple, S < G the connected subgroup with Lie
algebra s and P < G be the associated even JM-parabolic. Let FΘλ be the
Θλ-Slodowy functor associated to an (λ, S,BS)-oper Θλ. Then, the functor
QF : QOpX(S,BS)×C QB̂s,X(G)→ QOpX(G,P)
defined by F (Θλ, Ξˆλ) = FΘλ(Ξˆλ) is an equivalence of categories when S
∼=
PSL2C and essentially surjective and full when S ∼= SL2C. Moreover, QF
is equivariant with respect to the natural C∗-actions from (5.15).
6. More explicit examples and related objects
So far all of our explicit examples have been for G = SL4C or the para-
bolic being the Borel subgroup. In this section we discuss a few more explicit
examples which generalize the SL4C-examples discussed throughout the pa-
per. We also discuss the relation between some of the examples below and
so called higher Teichmu¨ller spaces.
The parabolics of the groups SOnC and Sp2mC will be described in terms
of the subspaces they stabilize in Cn (n = 2m for Sp2mC) equipped with
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a nondegenerate bilinear form which is symmetric for SOnC and skew-
symmetric for Sp2mC. Also, a holomorphic vector bundle V with a holo-
morphic volume form Ω will sometimes be equipped with a compatible
holomorphic symplectic structure B or a compatible holomorphic orthog-
onal structure Q. By this we mean,
• B ∈ H0(X,Λ2V∗) is non-degenerate and compatible with Ω.
• Q ∈ H0(X,Sym2V∗) is non-degenerate and compatible with Ω.
6.1. B-opers for classical groups. An (SLnC,B, λ)-oper is a tuple
(λ,V,V1 ⊂ V2 ⊂ · · · ⊂ Vn,∇V),
where λ ∈ C, V is a rank n holomorphic vector bundle with detV ∼= OX ,
Vi is a rank i holomorphic sub-bundle, and ∇V is a λ-connection on V
compatible with the isomorphism detV ∼= OX , such that ∇(Vi) ⊂ Vi+1 ⊗K
and ∇V induces an isomorphism Vi/Vi−1 → Vi+1/Vi ⊗K.
For SO2n+1C (resp. Sp2nC), a (B, λ)-oper is an (SL2n+1C,B, λ)-oper
(resp. (SL2nC,B, λ)-oper), where V is equipped with a holomorphic or-
thogonal (resp. symplectic) structure of volume 1 which is preserved by ∇V ,
and with respect to which Vi is isotropic and Vn−i = V⊥i for 1 ≤ i ≤ n. For
G = SO2nC, (B, λ)-opers are described in §6.3 when 2n = 2k + 2.
An object in the category QBs,X(SLnC) is a tuple (λ,L, ψ1, · · · , ψn−1),
where λ ∈ C, L is a holomorphic line bundle with Ln ∼= OX and ψj ∈
H0(X,Kj+1). For the groups SO2n+1C and Sp2nC one has L ∼= OX and
L2 ∼= OX , respectively, and ψ2j = 0 in both cases.
For the section τ of QOpX(PSL2C)→ C from (4.2), the Slodowy functor
Fτ : QBs,X(SLnC)→ QOpX(SLnC,B) is given by
Fτ (λ,L, ψ1, · · · , ψn−1) = (λ, ∂¯L ⊗ ∂¯V ,∇L ⊗∇V),
where, ∇L is the holomorphic λ-connection inducing the trivial connection
on Ln = OX , and (∂¯L ⊗ ∂¯V ,∇L ⊗ ∇V) are Dolbeault operators and λ-
connections on the smooth bundle Kn−12 ⊕Kn−32 ⊕ · · · ⊕ K 1−n2 given by
(6.1) ∂¯V =

∂¯n−1
2
λµ1h
∂¯n−3
2
λµ2h
. . .
. . .
∂¯ 3−n
2
λµn−1h
∂¯ 1−n
2

∇V =

λ∇hn−1
2
µ1(q+ψ1) ψ2 ... ψn−1
1 λ∇hn−3
2
µ2(q+ψ1) ... ψn−2
. . .
. . .
. . .
...
1 λ∇h3−n
2
µn−1(q+ψ1)
1 λ∇h1−n
2

.
Here µi = i(n−i) and the coefficient on each ψi are 1 for i > 1. The SO2n+1C
(resp. Sp2nC) Slodowy functor is given by the restriction of the SL2n+1C
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(resp. SL2nC) Slodowy functor. Note that V has natural orthogonal (resp.
symplectic) structure when rk(V) = 2n + 1 (resp. rk(V) = 2n) which is
preserved by ∇V when ψ2j = 0 for all j.
6.2. Compact dual of Tube-type Hermitian symmetric space. A
family of even JM-parabolics P < G arise when G/P is the compact dual
of a non-compact Hermitian symmetric space of tube type. There are five
such pairs (G,P):
(1) G = SL2nC and P the stabilizer of a Cn ⊂ C2n;
(2) G = Sp2nC and P the stabilizer of an isotropic subspace Cn ⊂ C2n;
(3) G = SO4nC and P the stabilizer of an isotropic subspace C2n ⊂ C4n;
(4) G = SOnC and P the stabilizer of an isotropic line C ⊂ Cn;
(5) G = E7 and, if
∑7
i=1 niαi is an expression of the longest root with
respect to a choice of simple roots, P is the maximal parabolic sub-
group associated to the unique simple root αk with nk = 1.
Each such parabolic is a maximal parabolic which corresponds to a simple
root αk with nk = 1, where the longest root is given by
∑rk(g)
i=1 niαi. Thus,
the Z-gradings (2.2) are g = g−1⊕g0⊕g1 and the sl2-module decompositions
(2.3) are g = W0 ⊕W2. The centralizers C and multiplicities (n0, n2) are
G SL2nC Sp2nC SO4nC SOnC E7
C SL±nC OnC Sp2nC On−3C F4
n0 n
2 − 1 n(n−1)2 n(2n+ 1) (n−2)(n−3)2 52
n2 n
2 n(n+1)
2 n(2n− 1) n− 2 27
We now describe the vector bundle definition of an (G,P, λ)-oper in cases
(1)-(3), case (4) will be described in the next subsection.
An (SL2nC,P, λ)-oper consists of a tuple (λ,V,Vn,∇V), where λ ∈ C,
V is a rank 2n holomorphic vector bundle with Λ2nV ∼= OX , ∇V is a λ-
connection on V preserving Λ2nV ∼= OX , and Vn ⊂ V is a holomorphic
rank n sub-bundle such that the induced map ∇V : Vn → V/Vn ⊗ K is an
isomorphism.
For case (2), an (Sp2nC,P, λ)-oper is an (SL2n,C,P, λ)-oper (λ,V,Vn,∇V)
such that V is equipped holomorphic symplectic structure BV which is pre-
served by ∇V and with respect to which Vn is isotropic.
For case (3), an (SO4nC,P, λ)-oper is an (SL4n,C,P, λ)-oper (λ,V,V2n,∇V)
such that V is equipped holomorphic orthogonal structure QV which is pre-
served by ∇V and with respect to which V2n is isotropic.
For case (1), the objects QBs,X(SL2nC) consist of tuples (λ,W,∇W , ψ1),
where λ ∈ C,W is a rank n holomorphic vector bundle with det(W)2 ∼= OX ,
∇W is a holomorphic λ-connection on W and ψ1 ∈ H0(X,End(W) ⊗ K2).
For the section τ of QOpX(PSL2C) from (4.2), the Slodowy functor is
Fτ (λ,W,∇W , ψ1) = (λ, ∂¯V ,∇V),
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where (∂¯V ,∇V) are Dolbeault operators and λ-connections on the smooth
bundle W ⊗K 12 ⊕W ⊗K− 12 given by
(6.2)
∂¯V =
(
∂¯W ⊗ ∂¯1/2 λh⊗ IdW
0 ∂¯W ⊗ ∂¯−1/2
)
, ∇V =
(
∇W ⊗ λ∇h1/2 q ⊗ IdW + ψ1
IdW ∇W ⊗ λ∇h−1/2
)
.
For case (2), the objects of QBs,X(Sp2nC) are objects (λ,W,∇W , ψ1) of
QBs,X(SL2nC) where W is equipped with a holomorphic orthogonal struc-
ture QW which is preserved by ∇W and with respect to which ψ1 is symmet-
ric. The Slodowy functor Fτ is the restriction of functor on QBs,X(SL2nC).
The symplectic structure on W ⊗K 12 ⊕W ⊗K− 12 is defined by
BV =
(
0 QW
−QW 0
)
.
For case (3), the objects of QBs,X(SO4nC) are objects (λ,W,∇W , ψ1) of
QBs,X(SL4nC) where W is equipped with a holomorphic symplectic struc-
ture BW which is preserved by ∇W and with respect to which ψ1 is symmet-
ric. The Slodowy functor Fτ is the restriction of functor on QBs,X(SL4nC).
The orthogonal structure on W ⊗K 12 ⊕W ⊗K− 12 is defined by
QV =
(
0 BW
−BW 0
)
.
6.3. Some more opers for SLnC and SOnC. Another family of even
JM-parabolics of SLnC for are given by the stabilizers of partial flags
C1 ⊂ C2 ⊂ · · · ⊂ Ck ⊂ Cn−k ⊂ · · · ⊂ Cn−1 ⊂ Cn
where 2k < n. When Cn is equipped with an orthogonal structure and the
subspaces Ci are isotropic for 1 ≤ i ≤ k, the associated parabolic P < SOnC
is also an even JM-parabolic. In particular, for the orthogonal group, the
parabolic P is the Borel subgroup when n = 2k + 1 and n = 2k + 2, and P
is the parabolic from case (4) of the previous section when k = 1.
For the above parabolic P, an (SLnC,P, λ)-oper consists of a tuple
(λ , V , V1 ⊂ · · · Vk ⊂ Vn−k ⊂ · · · ⊂ V , ∇V),
where λ ∈ C, V is a rank n holomorphic vector bundle with ΛnV ∼= OX ,
∇V is a λ-connection on V compatible with ΛnV ∼= OX and Vi ⊂ V is a
holomorphic rank i sub-bundle such that:
• for i 6= k, ∇V(Vi) ⊂ Vi+1 ⊗ K and ∇V induces an isomorphism
Vi/Vi−1 ∼= Vi+1/Vi ⊗K;
• ∇V(Vk) ⊂ Vn−k ⊗ K, and ∇2V induces an isomorphism Vk/Vk−1 ∼=
Vn−k+1/Vn−k ⊗K2.
When G = SOnC, an (SOnC,P, λ)-oper is an (SLnC,P, λ)-oper where the
holomorphic bundle V is equipped with an orthogonal structure QV which is
preserved by ∇V and with respect to which Vi is isotropic and Vn−i = V⊥QVi
for 1 ≤ i ≤ k.
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We will describe the s-Slodowy category and functor for G = SOnC, the
G = SLnC case is left to the reader. The sl2-module decomposition of the
even JM-parabolic is
sonC = W0 ⊕W2k ⊕
k⊕
j=1
j 6= k
2
+1
W4j−2.
The centralizer C of the even sl2 is isomorphic to On−2k+1C, and the mul-
tiplicities are n0 =
(n−2k−1)(n−2k−2)
2 , n4j−2 = 1 for 4j − 2 6= 2k, and
n2k =
{
n− 2k if k odd
n− 2k − 1 if k even .
When k is odd, the C-representation space Z2k decomposes as a direct sum
of the one dimensional trivial representation and the standard (n− 2k− 1)-
dimensional representation twisted by the determinant representation.
The objects of the category QBs,X(SOnC) consists of tuples
(λ,W,∇W , ψ1, · · · , ψ2k−1),
where λ ∈ C, W is a rank (n− 2k− 1) holomorphic vector bundle equipped
with an orthogonal structure QW , ∇W is a λ-connection on W which pre-
serves QW , ψ2j−1 ∈ H0(X,K2j) for 2j − 1 6= k and
ψk =
{
(qk, ψˆk) ∈ H0(X,Kk+1)⊕H0(X,W ⊗ det(W)⊗Kk+1) if k odd
ψˆk ∈ H0(X,W ⊗ det(W)⊗Kk+1) if k even.
The Slodowy functor Fτ : QBs,X(SOnC)→ QOpX(SOnC,P) is given by
Fτ (λ,W,∇W , ψ1, · · · , ψ2k−1) = (λ, ∂¯V ,∇V ),
where (∂¯V ,∇V) are Dolbeault operators and λ-connections on the bundle
V =W ⊕W2k+1 ⊗ detW given by
(6.3) ∂¯V =
(
∂¯W 0
0 ∂¯W2k+1 ⊗ ∂¯detW
)
, ∇λ =
(
∇W ΨˆTk
Ψˆk ∇W2k+1 ⊗∇detW
)
.
Here,
• (λ,W2k+1,∇W2k+1) denotes the (SO2k+1C,B, λ)-oper (6.1) associ-
ated to the Slodowy functor evaluated on{
(ψ1, ψ3, ψk−2, qk, ψk+2, · · · , ψ2k) if k is odd
(ψ1, ψ3, · · · , ψ2k) if k is even;
• Ψˆk :W2k+1 ⊗ detW →W ⊗K is a holomorphic bundle map which,
in the smooth splitting of W2k+1 from (6.1), is given by
Ψˆk =
(
0 · · · 0 ψˆk
)
: (Kk ⊕ · · · ⊕ K−k)⊗ detW →W ⊗K.
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The orthogonal structure QV on W ⊕W2k+1 ⊗ detW is given by
QV =
(
QW 0
0 QW2k+1 ⊗ detQW
)
.
6.4. Remarks on Nonabelian Hodge and Higher Teichmu¨ller spaces.
So far, we have avoided the discussion of moduli spaces and stability. How-
ever, for every λ, the categories Bλs,X(G) and OpλX(G,P) ⊂ FλX(G) have
natural stability conditions and corresponding coarse moduli spaces.
We expect the natural stability conditions on Bλs,X(G) and FλX(G) to be
compatible so that the Slodowy functor FΘλ induces a well defined map on
coarse moduli spaces. This is especially desirable when λ = 0 because one
can associate a holomorphic connection to a point in the moduli space of
poly-stable Higgs bundles via the non-abelian Hodge correspondence.
Denote the moduli spaces of isomorphism classes of poly-stable G-Higgs
bundles and reductive holomorphic connections on a compact Riemann sur-
face X by M0X(G) and M1X(G) respectively. We refer the reader to [37,38]
for the construction of these coarse moduli spaces.
Furthermore, the moduli space M1X(G) is analytically isomorphic to the
complex analytic variety (the character variety) XX(G) of conjugacy classes
of reductive homomorhisms of the fundamental group of X in G:
XX(G) = Homred(pi1(X),G)/G.
Note that XX(G) as a complex analytic variety only depends on the topo-
logical surface underlying the Riemann surface X.
The non-abelian Hodge correspondence (see [12,13,25,36]) defines a real
analytic isomorphism between these spaces:
T :M0X(G)→M1X(G) ∼= XX(G).
For (0,PSL2C,B)-opers, the Higgs bundles are always stable and the im-
age under the map T can be identified with the Teichmu¨ller space of the un-
derlying topological surface [25]. More precisely, the image of (0,PSL2C,B)-
opers under the non-abelian Hodge correspondence T consists of all conju-
gacy classes of holonomies of hyperbolic structures on the underlying topo-
logical surface.
For (0,G,B)-opers (i.e., the Hitchin section) it is not hard to show that the
Higgs bundles are always stable and so define points in M0X(G). Moreover,
applying non-abelian Hodge to this locus defines a (union of) connected
component of the character variety of representations into the split real
form of G called the Hitchin component [26]. Moreover, the surface group
representations in this component generalize many features of Teichmu¨ller
space. In particular, they are all discrete and faithful quasi-isometric embed-
dings [16, 32], and are holonomies of locally homogeneous geometric struc-
tures on closed manifolds [21, 28]. The Hitchin component was the first ex-
ample of what is now referred to as a higher Teichmu¨ller space/component.
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The family of (0,G,P)-opers described in §6.2 are related to a family
of higher Teichmu¨ller spaces known as maximal representations into a real
Hermitian Lie group of tube type. In these cases, when the Higgs field
ψ0 is identically zero and q = 0, the Slodowy functor Fτ(0) recovers the
Cayley correspondence of [3, §5] (see also [7, 8, 19]). This correspondence
relates Higgs bundles with so called maximal Toledo invariant for a real1
Hermitian Lie group of tube type GR with K2-twisted Higgs bundles for
another group. For the complex groups SL2nC, Sp2nC, SO4nC, SOnC and
E7, the Hermitian Lie group G
R is SUn,n, Sp2nR, SO∗4n, SO2,n−2 and E−257 ,
respectively.
Under the non-abelian Hodge correspondence, the isomorphism classes
of such Higgs bundles which are poly-stable are in bijective correspon-
dence with the set of conjugacy classes of so called maximal representations.
Such representations have been studied by many authors, and correspond
to unions of connected components of the character variety which consist
entirely of discrete and faithful representations [9].
In contrast, the (0,SLnC,P)-opers from §6.3 are not related to unions of
connected components of the character variety of a real form of SLnC. How-
ever, the (0,SOnC,P)-opers from §6.3 are related to connected components
of character varieties. In this case, when the Higgs field ψ0 is identically
zero and q = 0, the Slodowy functor Fτ(0) recovers the generalized Cayley
correspondence of [1]. Similar to the case of maximal representations, un-
der the non-abelian Hodge correspondence, the isomorphism classes of such
Higgs bundles which are poly-stable are identified with unions of connected
components of the character variety for the real form SO(k − 1, n− k + 1).
Remark 6.1. For a general even JM-parabolic, when λ = 0 and ψ0 = 0, the
Slodowy functor produces poly-stable Higgs bundles whose associated repre-
sentation via the non-abelian Hodge correspondence is not always valued in
a real form. However, using Guichard-Wienhard’s work on Θ-positivity [22],
one expects one more such family for certain real forms of the exceptional
groups F4, E6, E7 and E8. This is indeed the case and the relationship be-
tween the Slodowy functor and higher Teichmu¨ller spaces will be described
in [6].
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